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New irreducible non-weight Virasoro modules
from tensor products
Haibo Chen, Jianzhi Han, Yanyong Hong∗ and Yucai Su
ABSTRACT. In this paper, we present a class of non-weight Virasoro modules
M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1 Ω(λi, αi) where Ω(λi, αi) andM
(
V,Ω(λ0, α0)
)
are irreducible
Virasoro modules defined in [14] and [11] respectively. The necessary and sufficient
conditions for M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1 Ω(λi, αi) to be irreducible are obtained. Then
we determine the necessary and sufficient conditions for two such irreducible Virasoro
modules to be isomorphic. At last, we show that the irreducible modules in this class
are new.
1 Introduction
The Virasoro algebra  L is an infinite-dimensional complex Lie algebra with the basis {Lm, C |
m ∈ Z} and the Lie bracket defined as follows:
[Lm, Ln] = (n−m)Lm+n + δm+n,0
m3 −m
12
C and [Lm, C] = 0 for m,n ∈ Z,
which is a one-dimensional central extension of the Witt algebra. It is well-known that  L
is a very important infinite-dimensional Lie algebra both in mathematics and mathematical
physics (see, e.g., [7, 8, 10]).
The theory of weight modules over  L has been well developed (see [7]). One of the most
important weight modules is the highest weight module, which depends on the triangular de-
composition structure of  L. In fact, any irreducible weight module over the Virasoro algebra
with a nonzero finite-dimensional weight space is a Harish-Chandra module (see [20]), whose
weight subspaces are all finite-dimensional. And the classification of irreducible Harish-
Chandra modules over  L was already achieved (see [16,17,22]). Afterwards, several families
of irreducible weight modules with infinite-dimensional weight spaces were also investigated
(see, e.g., [4, 9, 15]). The first such modules were constructed by taking the tensor prod-
uct of some highest weight modules and some intermediate series modules (see [25]), whose
irreducibilities were solved completely in [3].
Other work has focused on non-weight  L-modules, which attract attention in the past few
years, such as Whittaker modules (see, e.g., [13, 18, 19, 21]), C[L0]-free modules, irreducible
modules from Weyl modules and a class of non-weight modules including highest-weight-like
modules (see, e.g, [1, 5, 11, 14, 23, 24]). In the present paper, we shall study non-weight  L-
modules. More precisely, we are going to construct a family of new irreduicible  L-modules
from the tensor products of a finite number of  L-modules Ω(λi, αi) = C[∂i] (see [14]) and
 L-module M
(
V,Ω(λ0, α0)
)
= V ⊗ C[∂0] (see [11]). We notice that most of tensor product
modules over the Virasoro algebra as defined in [3, 6, 12, 25] are related to the locally finite
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modules Ind(M) (see [19]). But this class of tensor product modules considered in this paper
does not include locally finite modules.
Here follows a brief summary of this paper. In Section 2, we recall some known results for
late use. In Section 3, the irreducibilities of modules M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) are
determined. Section 4 is devoted to giving the necessary and sufficient conditions for two irre-
ducible  L-modulesM
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) andM
(
W,Ω(µ0, β0)
)
⊗
⊗n
j=1Ω(µj, βj)
being isomorphic. In Section 5, we compare irreducible  L-modules constructed in the present
paper with the known irreducible non-weight  L-modules and show that all irreducible  L-
modules M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) (V being not finite-dimensional and m 6= 1) are
new.
Throughout this paper, we denote by C,C∗,Z, Z+, and N the sets of complex numbers,
nonzero complex numbers, integers , nonnegative integers and positive integers respectively.
All vector spaces are assumed to be over C.
2 Preliminaries
In this section, we first recall two classes of non-weight Virasoro modules Ω(λ, α) and
M
(
V,Ω(λ, α)
)
defined in [14] and [11] respectively. Note that both of them are C[L0]-free
modules.
For λ ∈ C∗, α ∈ C, the non-weight  L-module Ω(λ, α) = C[∂] is defined by
Lmf(∂) = λ
m(∂ −mα)f(∂ −m) and Cf(∂) = 0 for m ∈ Z, f(∂) ∈ C[∂].
It is worthwhile to point out that Ω(λ, α) is irreducible if and only if α 6= 0 (see [14]).
For r ∈ Z+, denote by  Lr the ideal of  L+ = spanC{Li | i ≥ 0} generated by Li for all
i > r. Set  ¯Lr be the quotient algebra  L+/ Lr, and L¯i be the image of Li in  ¯Lr. Assume
that V is an  ¯Lr-module. For any λ ∈ C
∗, α ∈ C, define an  L-action on the vector space
M
(
V,Ω(λ, α)
)
= V ⊗ C[∂] as follows
Lm
(
v ⊗ f(∂)
)
= v ⊗ λm(∂ −mα)f(∂ −m) +
r∑
i=0
( mi+1
(i+ 1)!
L¯i
)
v ⊗ λmf(∂ −m),
C
(
v ⊗ f(∂)
)
= 0 for m ∈ Z, v ∈ V, f(∂) ∈ C[∂].
Remark 2.1. Let r ∈ Z+ and V be an irreducible  ¯Lr-module.
(1) V must be infinite-dimensional if dimV > 1, since any irreducible finite-dimensional
module over the solvable Lie algebra  ¯Lr is one-dimensional by Lie’s Theorem.
(2) If r = 0, then V must be one-dimensional, i.e., V = Cv and L¯iv = 0 for any i ∈
N, L¯0v = βv for some β ∈ C. In this case V is denoted by Vβ. We know that
M
(
V,Ω(λ, α)
)
is reducible if and only if V ∼= Vα (see [11]).
The following result will be used in the sequel.
Proposition 2.2. [15] Let P be a vector space over C and P1 a subspace of P . Suppose
that µ1, µ2, . . . , µs ∈ C
∗ are pairwise distinct, vi,j ∈ P and fi,j(t) ∈ C[t] with deg fi,j(t) = j
for i = 1, 2, . . . , s, j = 0, 1, 2, . . . , k. If
s∑
i=1
k∑
j=0
µmi fi,j(m)vi,j ∈ P1 for ∀m ∈ Z,
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then vi,j ∈ P1 for all i, j ∈ Z (the result also holds for m > K,K ∈ Z ∪ {−∞}).
Now we introduce some notations. Let m ∈ N, λi ∈ C
∗, αi ∈ C for i = 1, . . . , m.
Denote Ω(λi, αi) = C[∂i]. It will be convenient to identify the module
⊗m
i=0Ω(λi, αi) with
the polynomial algebra C[∂0, . . . , ∂m]. Then we write M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) =
V ⊗ C[∂0, ∂1, ∂2, . . . , ∂m] for m ∈ N.
Remark 2.3. Let r ∈ Z+ and V be an irreducible  ¯Lr-module.
(1) It is clear that
M
(
Vβ,Ω(λ0, α0)
)
⊗
m⊗
i=1
Ω(λi, αi) ∼=
m⊗
i=0
Ω(λi, αi − δi,0β)
for any λi ∈ C
∗, αi ∈ C, i = 0, 1, . . . , m, m ∈ N (see [24]).
(2) By Remark 2.1 and (1), we only need to consider the case r ≥ 1 in the sequel. Then
we may assume that L¯r is injective on V, since otherwise L¯rV = 0 by Lemma 2 in [9]
and V reduces to an  ¯Lr−1-module.
3 Irreducibilities
In this section, we will investigate the irreducibilities of  L-modules M
(
V,Ω(λ0, α0)
)
⊗⊗m
i=1Ω(λi, αi).
Consider the tensor productM
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi). Define a total order “ ≺ ”
on the subset
{v ⊗ ∂p00 ∂
p1
1 · · ·∂
pm
m | P = (p0, p1, . . . , pm) ∈ Z
m+1
+ , m ∈ N, 0 6= v ∈ V },
by
u⊗ ∂p00 ∂
p1
1 · · ·∂
pm
m ≺ v ⊗ ∂
q0
0 ∂
q1
1 · · ·∂
qm
m
⇐⇒ ∃k ∈ Z+ such that pk < qk and pn = qn for n < k.
Then each 0 6= w ∈M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) can be (uniquely) written in the form
w =
∑
p∈I
vp ⊗ ∂
p0
0 ∂
p1
1 · · ·∂
pm
m ,
where I is a finite subset of Zm+1+ and all vp are nonzero vectors of V . Now we define the
degree of w to be p = (p0, p1, . . . , pm), where vp⊗∂
p0
0 ∂
p1
1 · · ·∂
pm
m is the term with the maximal
order in the sum, and denote it by deg(w). Notice that deg(v ⊗ 1) = 0 = (0, 0, . . . , 0︸ ︷︷ ︸
m+1
).
Lemma 3.1. [24] Let m ∈ N, λi, αi ∈ C
∗ for i = 0, 1, . . . , m. Then
⊗m
i=0Ω(λi, αi) is
irreducible if and only if λ0, . . . , λm are pairwise distinct.
In order to prove the main theorem of this section, we first give the following lemma.
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Lemma 3.2. Let m ∈ N, α0 ∈ C, λ0, λi, αi ∈ C
∗ for i = 1, 2, . . . , m with λ0, . . . , λm pairwise
distinct and v be a nonzero vector in an infinite-dimensional irreducible  ¯Lr-module V . Then
v ⊗ 1 generates the module M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi), where 1 = 1⊗ 1⊗ · · · ⊗ 1︸ ︷︷ ︸
m+1
.
Proof. As we mentioned in Section 2, we identify
⊗m
i=0Ω(λi, αi) with C[∂0, ∂1, . . . , ∂m]. De-
note M = V ⊗ C[∂0, ∂1, . . . , ∂m]. Let W be the submodule of M generated by v ⊗ 1.
Note that
Lk
(
v ⊗ 1
)
=
(
v ⊗ λk0(∂0 − kα0) +
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
v ⊗ λk0
)
⊗ 1⊗ · · · ⊗ 1 +
v ⊗ 1⊗
( m∑
i=1
1⊗ · · · ⊗ λki (∂i − kαi)⊗ · · · ⊗ 1
)
∈ W for k ∈ Z. (3.1)
By Proposition 2.2, v ⊗ ∂i ∈ W for any 0 ≤ i ≤ m. Replacing v ⊗ 1 by v ⊗ ∂i ∈ W in
(3.1), one can obtain v ⊗ ∂i∂j ∈ W for 0 ≤ i, j ≤ m. Inductively, v ⊗ ∂
p0
0 · · ·∂
pm
m ∈ W for all
pi ∈ Z+, i = 0, . . . , m. Then it follows from
W ∋ Lk
(
v ⊗ (∂0 + k)
p0∂p11 · · ·∂
pm
m
)
=
(
v ⊗ λk0(∂0 − kα0)∂
p0
0 +
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
v ⊗ λk0∂
p0
0
)
∂p11 · · ·∂
pm
m +
v ⊗ (∂0 + k)
p0 ⊗
( m∑
i=1
∂p11 · · ·λ
k
i (∂i − kαi)(∂i − k)
pi · · ·∂pmm
)
and Proposition 2.2 that L¯iv⊗∂
p0
0 ∂
p1
1 · · ·∂
pm
m ∈ W for all i = 0, 1, . . . , r. Now the irreducibility
of V gives M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) ⊆W . Thus, M = W .
Lemma 3.3. Let r, s ∈ Z+, α0 ∈ C, λ, α1 ∈ C
∗ and V be an infinite-dimensional irreducible
 ¯Lr-module. DenoteWs the vector subspace of Ω(λ, α0)⊗Ω(λ, α1) spanned by {f(∂0)(∂0+∂1)
n |
n ∈ Z+, 0 ≤ deg(f) ≤ s} or {(∂0 + ∂1)
nf(∂1) | n ∈ Z+, 0 ≤ deg(f) ≤ s} . Then V ⊗Ws is a
submodule of M
(
V,Ω(λ, α0)
)
⊗ Ω(λ, α1).
Proof. Without loss of generality, we may assume λ = 1. For any 0 6= v ∈ V, n ∈ Z+, f(∂0) ∈
Ws, k ∈ Z, we have
Lk
(
v ⊗ f(∂0)(∂0 + ∂1)
n
)
= Lk
(
v ⊗
n∑
i=0
(
n
i
)
f(∂0)∂
i
0∂
n−i
1
)
= v ⊗
n∑
i=0
(
n
i
)
(∂0 − kα0)f(∂0 − k)(∂0 − k)
i∂n−i1 +
r∑
j=0
( kj+1
(j + 1)!
L¯j
)
v ⊗
n∑
i=0
(
n
i
)
f(∂0 − k)(∂0 − k)
i∂n−i1 +
v ⊗
n∑
i=0
(
n
i
)
f(∂0)∂
i
0(∂1 − kα1)(∂1 − k)
n−i
4
= v ⊗
(
(∂0 − kα0)f(∂0 − k)(∂0 + ∂1 − k)
n + f(∂0)(∂1 − kα1)(∂0 + ∂1 − k)
n
)
+
r∑
j=0
( kj+1
(j + 1)!
L¯j
)
v ⊗ f(∂0 − k)(∂0 + ∂1 − k)
n
= v ⊗
(
∂0
(
f(∂0 − k)− f(∂0)
)
− kα0f(∂0 − k)
)
(∂0 + ∂1 − k)
n +
v ⊗
(
f(∂0)(∂0 + ∂1 − k)
n+1 + k(1− α1)f(∂0)(∂0 + ∂1 − k)
n
)
+
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
v ⊗ f(∂0 − k)(∂0 + ∂1 − k)
n ∈ V ⊗Ws,
by noting that (∂0 + ∂1 − k)
n ∈ Ws. By the similar calculation, we obtain Lk
(
v ⊗ (∂0 +
∂1)
nf(∂1)
)
∈ V ⊗Ws. Thus, V ⊗Ws is a submodule ofM
(
V,Ω(λ, α0)
)
⊗Ω(λ, α1), completing
the proof.
Corollary 3.4. Let r, s ∈ Z+, α0 ∈ C, λ0, α1 ∈ C
∗ and V be an infinite-dimensional irre-
ducible  ¯Lr-module. Assume that V ⊗ Ws is the subspace of M
(
V,Ω(λ0, α0)
)
⊗ Ω(λ0, α1),
where Ws is spanned by {f(∂0)(∂0 + ∂1)
n | n ∈ Z+, 0 ≤ deg(f) ≤ s} or {(∂0 + ∂1)
nf(∂1) |
n ∈ Z+, 0 ≤ deg(f) ≤ s}. Then M
(
V,Ω(λ0, α0)
)
⊗ Ω(λ0, α1) has a series of  L-submodules
V ⊗W0 ⊂ V ⊗W1 ⊂ · · ·V ⊗Ws ⊂ · · ·
such that V ⊗Ws/V ⊗Ws−1 ∼=M
(
V,Ω(λ0, s+ α0 + α1)
)
as  L-modules for each s ≥ 1.
Proof. For s, n ∈ Z+, 0 6= v ∈ V , it follows from Lemma 3.3 that
Lk
(
v ⊗ ∂s0(∂0 + ∂1)
n
)
= Lk
(
v ⊗
n∑
i=0
(
n
i
)
∂s+i0 ∂
n−i
1
)
= v ⊗
n∑
i=0
(
n
i
)
λk0(∂0 − kα0)(∂0 − k)
s+i∂n−i1 +
r∑
j=0
( kj+1
(j + 1)!
L¯j
)
v ⊗
n∑
i=0
(
n
i
)
λk0(∂0 − k)
s+i∂n−i1 +
v ⊗
n∑
i=0
(
n
i
)
∂s+i0 λ
k
0(∂1 − kα1)(∂1 − k)
n−i
= v ⊗ λk0
(
(∂0 − kα0)(∂0 − k)
s(∂0 + ∂1 − k)
n + ∂s0(∂1 − kα1)(∂0 + ∂1 − k)
n
)
+
r∑
j=0
( kj+1
(j + 1)!
L¯j
)
v ⊗ λk0(∂0 − k)
s(∂0 + ∂1 − k)
n
≡ v ⊗ λk0∂
s
0
(
∂0 + ∂1 − k(s+ α0 + α1)
)
(∂0 + ∂1 − k)
n +
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
v ⊗ λk0∂
s
0(∂0 + ∂1 − k)
n (mod V ⊗Ws−1).
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Similarly, we have
Lk
(
v ⊗ (∂0 + ∂1)
n∂s1
)
= v ⊗ λk0
(
∂0 + ∂1 − k(s+ α0 + α1)
)
(∂0 + ∂1 − k)
n∂s1
+
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
v ⊗ λk0(∂0 + ∂1 − k)
n∂s1 (mod V ⊗Ws−1).
These show that the  L-module isomorphism
V ⊗Ws/V ⊗Ws−1 ∼=M
(
V,Ω(λ0, s+ α0 + α1)
)
.
Now we are ready to prove the main theorem of this section, which gives a characterization
of the irreducibility of M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi).
Theorem 3.5. Let m ∈ N, r ∈ Z+, α0 ∈ C, λ0, λi, αi ∈ C
∗ for i = 1, 2, . . . , m with λ0, · · · , λm
pairwise distinct and V be an irreducible  ¯Lr-module. Then the  L-module M
(
V,Ω(λ0, α0)
)
⊗⊗m
i=1Ω(λi, αi) is reducible if and only if V
∼= Vα0.
Proof. DenoteW =M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi). First, we consider the case when V is
finite-dimensional. Then V ∼= Vβ for some β ∈ C andW ∼=
⊗m
i=0Ω(λi, αi−δi,0β) by Remark
2.1(2) and Remark 2.3(1). According to Lemma 3.1,
⊗m
i=0Ω(λi, αi − δi,0β) is reducible if
and only if α0 = β.
Assume that V is infinite-dimensional. Let r′ be the maximal (positive) integer such
that L¯r′ is an injective linear transformation of V (see Remark 2.3(2)). Let W be a nonzero
submodule ofW and w a nonzero element ofW with the minimal degree. We claim deg(w) =
0, namely, w = v ⊗ 1 ∈ W for some 0 6= v ∈ V . Then by Lemma 3.2, W =W, which shows
that W is irreducible in this case.
Suppose on the contrary that deg(w) > 0. Write
w =
∑
p∈I
vp ⊗ ∂
p0
0 ∂
p1
1 · · ·∂
pm
m ∈ W,
where I is a finite subset of Zm+1+ and {vp | p ∈ I} is a linearly independent subset of V .
Let vq ⊗ ∂
q0
0 ∂
q1
1 · · ·∂
qm
m be maximal among the terms in the sum with respect to “ ≺ ”. Let
i′ be minimal such that qi′ > 0. Note that for any k ∈ Z+,
Lk
(∑
p∈I
vp ⊗ ∂
p0
0 ∂
p1
1 · · ·∂
pm
m
)
=
∑
p∈I
((
vp ⊗ λ
k
0(∂0 − kα0)(∂0 − k)
p0 +
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
vp ⊗ λ
k
0(∂0 − k)
p0
)
⊗ ∂p11 · · ·∂
pm
m
+ vp ⊗ ∂
p0
0 ⊗
m∑
i=1
(
∂p11 ⊗ · · · ⊗ λ
k
i (∂i − kαi)(∂i − k)
pi ⊗ · · · ⊗ ∂pmm
))
∈ W.
Applying Proposition 2.2, we can see that a nonzero element of the following form
w′ =
{
(−1)q0L¯rvq ⊗ ∂
q1
1 · · ·∂
qm
m + lower terms if i
′ = 0,
(−1)qi′+1αi′vq ⊗ ∂
q0
0 ∂
q1
1 · · ·∂
0
i′ · · ·∂
qm
m + lower terms if 1 ≤ i
′ ≤ m,αi′ 6= 0,
also lies in W. This would lead to a contradiction, since deg(w′) < deg(w).
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The following is an immediate consequence of Lemma 3.3 and Theorem 3.5.
Corollary 3.6. Let m ∈ N, r ∈ Z+, α0 ∈ C, λ0, λi, αi ∈ C
∗ for i = 1, 2, . . . , m and V
be an irreducible  ¯Lr-module such that V ≇ Vα0. Then the  L-module M
(
V,Ω(λ0, α0)
)
⊗⊗m
i=1Ω(λi, αi) is irreducible if and only if λ0, . . . , λm are pairwise distinct.
4 Isomorphism classes
In this section, we will determine the necessary and sufficient conditions for two classes of irre-
ducible  L-modulesM
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) andM
(
W,Ω(µ0, β0)
)
⊗
⊗n
j=1Ω(µj, βj)
to be isomorphic.
Lemma 4.1. [24] Let m,n ∈ N, r, s ∈ Z+, λi, αi, µj, βj ∈ C
∗ for i = 0, . . . , m, j = 0, . . . , n
with all λi and all µj respectively pairwise distinct. Then the  L-modules
⊗m
i=0Ω(λi, αi)
∼=⊗n
j=0Ω(µj , βj) if and only if m = n and (λi, αi) = (µσ(i), βσ(i)) for i = 0, 1, . . . , m, σ ∈ Sm+1
(the m+ 1-th symmetric group).
Definition 4.2. Let r ∈ Z+, α ∈ C and V be an  ¯Lr-module. Denote by V
α the  ¯Lr-module
obtained from V by modifying the L¯0-action as L¯0 + αidV .
Now we are ready to present the main theorem of this section.
Theorem 4.3. Let m,n ∈ N, r, s ∈ Z+, γ1, γ2, α0, β0 ∈ C, λ0, µ0, λi, αi, µj, βj ∈ C
∗ for i =
1, . . . , m, j = 1, . . . , n with λ0, . . . , λm and µ0, . . . , µn respectively pairwise distinct. Assume
that V is an irreducible  ¯Lr-module and W is an irreducible  ¯Ls-module. Then
M
(
V,Ω(λ0, α0)
)
⊗
m⊗
i=1
Ω(λi, αi) ∼=M
(
W,Ω(µ0, β0)
)
⊗
n⊗
j=1
Ω(µj, βj)
as  L-modules if and only if one of the following holds
(a) m = n, V ∼= Vγ1 ,W
∼= Wγ2 and (λi, αi − δi,0γ1) = (µσ(i), βσ(i) − δσ(i),0γ2) for α0 6=
γ1, β0 6= γ2 and i = 0, 1, . . . , m, σ ∈ Sm+1;
(b) m = n, r = s, V α0 ∼= W β0 as infinite-dimensional  ¯Lr-modules and (λ0, λi, αi) =
(µ0, µσ(i), βσ(i)) for i = 1, . . . , m, σ ∈ Sm.
Proof. The sufficiency is trivial. For convenience, we write Ω(λi, αi) = C[∂i], Ω(µj , βj) =
C[∂j ], V1 =M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) and V2 =M
(
W,Ω(µ0, β0)
)
⊗
⊗n
j=1Ω(µj, βj),
respectively.
Let φ be an isomorphism from V1 to V2. For any fixed nonzero element v⊗1 ∈ V1, assume
φ(v ⊗ 1) =
∑
p∈I
wp ⊗ ∂0
p0∂1
p1 · · ·∂n
pn, (4.1)
where I is a finite subset of Zn+1+ and all wp are nonzero vectors of W .
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For any k ∈ Z, it follows from φ
(
Lk(v ⊗ 1)
)
= Lkφ(v ⊗ 1) that
λk0φ(v ⊗ ∂0 ⊗ 1 · · · ⊗ 1)− λ
k
0kα0φ(v ⊗ 1) +
r∑
i=0
λk0k
i+1φ
(( 1
(i+ 1)!
L¯i
)
v ⊗ 1
)
+
φ
(
v ⊗ 1⊗
m∑
i=1
λki (1⊗ · · · ⊗ ∂i ⊗ · · · ⊗ 1)
)
−
m∑
i=1
λki kαiφ(v ⊗ 1)
=
∑
p∈I
((
wp ⊗ µ
k
0(∂0 − kβ0)(∂0 − k)
p0 +
s∑
i=0
( ki+1
(i+ 1)!
L¯i
)
wp ⊗ µ
k
0(∂0 − k)
p0
)
⊗ ∂p11 · · ·∂
pn
n
+ wp ⊗ ∂
p0
0 ⊗
n∑
j=1
(
∂p11 ⊗ · · · ⊗ µ
k
j (∂j − kβj)(∂j − k)
pj ⊗ · · · ⊗ ∂pnn
))
. (4.2)
If V is finite-dimensional, then V ∼= Vγ1 for some γ1 ∈ C and the power of k on the left
hand side of (4.2) is less than 2. By Proposition 2.2, we observe from (4.2) that m = n
and W ∼= Wγ2 for some γ2 ∈ C. Then by Lemma 4.1, there exists σ ∈ Sm+1 such that
(λi, αi− δi,0γ1) = (µσ(i), βσ(i)− δσ(i),0γ2)) for α0 6= γ1, β0 6= γ2 and i = 0, 1, . . . , m. This is (a).
Consider that V is infinite-dimensional. Then by Proposition 2.2,
m = n, pj = 0, ∀1 ≤ j ≤ m and ∃σ ∈ Sm such that (λ0, λi, αi) = (µ0, µσ(i), βσ(i)), ∀1 ≤ i ≤ m.
Expanding both sides of φ
(
Ln−kLk(v⊗1)
)
= Ln−kLkφ(v⊗1) and then comparing the highest
degree of k, we deduce that r = s, p0 = 0 by Proposition 2.2. These remarks allow us to
define an injective linear map ϕ : V → W such that φ(v ⊗ 1) = ϕ(v)⊗ 1 for v ∈ V . Thus,
(4.2) is written as
λk0φ(v ⊗ ∂0 ⊗ 1 · · · ⊗ 1)− λ
k
0kα0φ(v ⊗ 1) +
r∑
i=0
λk0k
i+1φ
(( 1
(i+ 1)!
L¯i
)
v ⊗ 1
)
+
φ
(
v ⊗ 1⊗
m∑
i=1
λki (1⊗ · · · ⊗ ∂i ⊗ · · · ⊗ 1)
)
−
m∑
i=1
λki kαiφ(v ⊗ 1)
= µk0ϕ(v)⊗ ∂0 ⊗ 1 · · · ⊗ 1− µ
k
0kβ0ϕ(v)⊗ 1 +
r∑
i=0
µk0k
i+1
( 1
(i+ 1)!
L¯i
)
ϕ(v)⊗ 1 +
ϕ(v)⊗ 1⊗
m∑
j=1
µkj (1⊗ · · · ⊗ ∂j ⊗ · · · ⊗ 1)−
m∑
j=1
µkjkβjϕ(v)⊗ 1,
which together with Proposition 2.2 imply
ϕ
(
(L¯i − α0δi,0)v
)
= (L¯i − β0δi,0)ϕ(v), ∀i = 0, 1, . . . , m,
i.e., V α0 ∼= W β0. This is (b).
5 New irreducible modules
In this section, we compare the tensor product  L-modulesM
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi)
with other known irreducible non-weight Virasoro modules. By Remark 2.3, we only consider
the case when V is infinite-dimensional in the following.
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Let us first recall irreducible non-weight  L-modules from [2, 6, 9, 12, 14, 19, 24]. For any
λ, α ∈ C∗ and h(t) ∈ C[t] such that deg h(t) = 1, Φ(λ, α, h) = C[s, t] carries the structure of
an  L-module: Lmf(s, t) =
∑
∞
j=0 λ
m(−m)jSjf(s, t) and Cf(s, t) = 0, where
Sj =
s
j!
∂js −
1
(j − 1)!
∂j−1s
(
t(η − ∂t) + h(α)
)
−
1
(j − 2)!
∂j−2s α(η − ∂t) for j ∈ Z+,
∂t =
∂
∂t
, ∂s =
∂
∂s
and η = h(t)−h(α)
t−α
∈ C∗. Here,
(
∂
∂s
)−1
= 0, k! = 1 for k < 0 and
(
i
j
)
= 0 for
j > i or j < 0.
Let V be an irreducible  L-module for which there exists RV ∈ Z+ such that Lm is locally
nilpotent on V for all m ≥ RV . It was shown respectively in [6, 12, 24] that the tensor
product  L-modules
⊗n
i=1Φ(λi, αi, hi(t))⊗ V ,
⊗n
i=1Φ(λi, αi, hi(t))⊗
⊗m
i=1Ω(µi, βi)⊗ V and⊗n
i=1Ω(λi, αi)⊗ V are irreducible if λ1, . . . , λn, µ1, . . . , µm are pairwise distinct.
Let b ∈ C and A be an irreducible module over the associative algebra K = C[t±1, t d
dt
].
The action of  L on Ab := A is given by
Cv = 0, Lnv = (t
n+1 d
dt
+ nbtn)v for n ∈ Z, v ∈ A.
It was proved in [14] that Ab is an irreducible  L-module if and only if one of the following
conditions holds: (1) b 6= 0 or 1; (2) b = 1 and t d
dt
A = A; (3) b = 0 and A is not isomorphic
to the natural K-module C[t, t−1].
Let V be an  ¯Lr-module. For any a ∈ C and γ(t) =
∑
i cit
i ∈ C[t, t−1], define the action
of  L on V ⊗ C[t, t−1] as follows
Lm(v ⊗ t
n) =
(
a+ n+
∑r
i=0
mi+1
(i+1)!
L¯i
)
v ⊗ tm+n +
∑
i civ ⊗ t
n+i,
C(v ⊗ tn) = 0 for m,n ∈ Z, v ∈ V.
Then V ⊗C[t, t−1] carries the structure of an  L-module under the above given actions, which
is denoted by M(V, γ(t)). Note from [9] that M(V, γ(t)) is a weight  L-module if and only
if γ(t) ∈ C and also that the  L-module M(V, γ(t)) for γ(t) ∈ C[t, t−1] is irreducible if and
only if V is irreducible.
Let C[[t]] be the algebra of formal power series. Denote emt =
∑
∞
i=0
(mt)i
i!
∈ C[[t]] and
H = span{Li | i ≥ −1}. Assume that V is an H-module. For any µ, λ ∈ C
∗ and α ∈ C,
define an  L-action on the vector space M
(
V, µ,Ω(λ, α)
)
= V ⊗ C[∂] as follows
Lm
(
v ⊗ f(∂)
)
= v ⊗ λm(∂ −mα)f(∂ −m) + (µmemt − 1) d
dt
v ⊗ λmf(∂ −m),
C
(
v ⊗ f(∂)
)
= 0 for m ∈ Z, v ∈ V, f(∂) ∈ C[∂].
Let C denote the category of all nontrivial H-modules V satisfying the following condition:
for any 0 6= v ∈ V there exists rv ∈ Z+ such that Lrv+iv = 0 for all i ≥ 1. Given any
irreducible H-module V in C, it was proved in [2] that the  L-module M
(
V, µ,Ω(λ, α)
)
is
irreducible if and only if α 6= 0 and µ 6= 1.
Proposition 5.1. Let m, r ∈ N, α0 ∈ C, 1 6= µ, λ0, λi, αi, α, λ ∈ C
∗ for i = 1, 2, . . . , m
with λ0, . . . , λm pairwise distinct. Assume that V is an irreducible  ¯Lr-module and V
′ is an
irreducible H-module in C. Then
M
(
V,Ω(λ0, α0)
)
⊗
m⊗
i=1
Ω(λi, αi) ≇M
(
V ′, µ,Ω(λ, α)
)
.
9
Proof. Suppose that
φ :M
(
V,Ω(λ0, α0)
)
⊗
m⊗
i=1
Ω(λi, αi)→M
(
V ′, µ,Ω(λ, α)
)
is an isomorphism of  L-modules. Take any 0 6= v ∈ V and assume that
φ(v ⊗ 1) =
p∑
i=0
ui ⊗ ∂
i
with up 6= 0. Let r
′ be the minimal nonnegative integer such that Lr′+kui = 0 for all
i = 0, 1, . . . , p and k ≥ 1. It follows from φ
(
Lk(v ⊗ 1)
)
= Lk(
∑p
i=0 ui ⊗ ∂
i) that
λk0φ(v ⊗ ∂0 ⊗ 1 · · · ⊗ 1)− λ
k
0kα0φ(v ⊗ 1) +
r∑
i=0
λk0k
i+1φ
(( 1
(i+ 1)!
L¯i
)
v ⊗ 1
)
+
φ
(
v ⊗ 1⊗
m∑
i=1
λki (1⊗ · · · ⊗ ∂i ⊗ · · · ⊗ 1)
)
−
m∑
i=1
λki kαiφ(v ⊗ 1)
=
p∑
i=0
{
λkui ⊗ (∂ − kα)(∂ − k)
i + λk(µk
r′∑
j=0
kj
j!
Lj−1 − L−1)ui ⊗ (∂ − k)
i
}
. (5.1)
By (5.1) and Proposition 2.2, we obtain m = 1 and the following two cases.
Case 1. λ0 = λµ, λ1 = λ.
Note that p = 0, r = r′ − 1 in this case. So (5.1) can be simplified into
λk0φ(v ⊗ ∂0 ⊗ 1)− λ
k
0kα0φ(v ⊗ 1) +
r∑
i=0
λk0k
i+1
( 1
(i+ 1)!
ϕ(L¯iv)⊗ 1
)
+
λk1φ(v ⊗ 1⊗ ∂1)− λ
k
1kα1ϕ(v)⊗ 1
= λku0 ⊗ (∂ − kα) + λ
k(µk
r+1∑
j=0
kj
j!
Lj−1 − L−1)u0 ⊗ 1.
Comparing the coefficient of λk0, we get φ(v⊗ ∂0⊗ 1) = L−1u0⊗ 1. It follows from φ
(
Lk(v⊗
∂0 ⊗ 1)
)
= Lk(L−1u0 ⊗ 1) that
λk0φ(v ⊗ (∂0 − kα0)(∂0 − k)⊗ 1) +
r∑
i=0
ki+1
(i+ 1)!
L¯iv ⊗ λ
k
0(∂0 − k)⊗ 1 +
v ⊗ ∂0 ⊗ λ
k
1(∂1 − kα1)
= λkL−1u0 ⊗ (∂ − kα) + λ
k(µk
r+1∑
j=0
kj
j!
Lj−1 − L−1)L−1u0 ⊗ 1. (5.2)
Then a contradiction is obtained by comparing the highest degree of k on both sides of (5.2).
Case 2. λ0 = λ, λ1 = λµ.
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In this case, we have p = r = 1, r′ = 0. For any n, k ∈ Z, by φ
(
LkLn−k(v ⊗ 1)
)
=
LkLn−k
∑p
i=0(ui ⊗ ∂
i), we obtain
φ
(
v ⊗ λn0 (∂0 − kα0)(∂0 − (n− k)α0 − k)⊗ 1 +
r∑
i=0
ki+1
(i+ 1)!
L¯iv ⊗ λ
n
0 (∂0 − (n− k)α0 − k)⊗ 1 +
v ⊗ λn−k0 (∂0 − (n− k)α0)⊗ λ
k
1(∂1 − kα1) +
r∑
i=0
(n− k)i+1
(i+ 1)!
L¯iv ⊗ λ
n
0 (∂0 − kα0)⊗ 1 +
r∑
i=0
( ki+1
(i+ 1)!
L¯i
) r∑
i=0
((n− k)i+1
(i+ 1)!
L¯i
)
v ⊗ λn0 ⊗ 1 +
r∑
i=0
(n− k)i+1
(i+ 1)!
L¯iv ⊗ λ
n−k
0 ⊗ λ
k
1(∂1 − kα1) +
v ⊗ λk0(∂0 − kα0)⊗ λ
k
1(∂1 − (n− k)α1) +
r∑
i=0
ki+1
(i+ 1)!
L¯iv ⊗ λ
k
0 ⊗ λ
n−k
1 (∂1 − (n− k)α1) +
v ⊗ 1⊗ λk1(∂1 − (n− k)α1 − k)(∂1 − kα1)
)
=
p∑
i=0
(
ui ⊗ λ
n(∂ − kα)(∂ − (n− k)α− k)(∂ − n)i +
(µkekt − 1)
d
dt
ui ⊗ λ
n(∂ − (n− k)α− k)(∂ − n)i +
(µ(n−k)e(n−k)t − 1)
d
dt
ui ⊗ λ
n(∂ − kα)(∂ − n)i +
(µ(n−k)e(n−k)t − 1)
d
dt
(µkekt − 1)
d
dt
ui ⊗ λ
n(∂ − n)i
)
.
Comparing the highest degree of k4, we obtain that this case is impossible.
Therefore, the two modules can not be isomorphic.
Remark 5.2. When r = 0 in Proposition 5.1, the results can be found in Proposition 5.1
of [2].
Proposition 5.3. Let r, r′ ∈ Z+. Assume that V is an irreducible  ¯Lr-module and V
′ is an
irreducible  ¯Lr′-module. Then M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) is not isomorphic to any of
the following irreducible  L-modules:
M(V ′, γ(t)),
n⊗
j=1
Ω(µj , βj)⊗M,
n⊗
j=1
Φ
(
µj, βj , hj(t)
)
⊗M,
n⊗
i=1
Φ
(
µi, βi, hi(t)
)
⊗
q⊗
j=1
Ω(νj , γj)⊗M, Ab, M,
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where m,n, q ≥ 1, λ0, λi, αi, µi, βi ∈ C
∗, α0, b ∈ C, hi(t) ∈ C[t] with deg hi(t) = 1, λ0, . . . , λm,
µ1, . . . , µn, ν1, . . . , νq being pairwise distinct, M is an irreducible  L-module for which there
exists RM ∈ Z+ such that Lm is locally nilpotent on M for all m ≥ RM .
Proof. Suppose that
φ :M
(
V,Ω(λ0, α0)
)
⊗
m⊗
i=1
Ω(λi, αi)→M(V
′, γ(t))
is an isomorphism of  L-modules. Take any 0 6= v ∈ V and assume that
φ(v ⊗ 1) =
n∑
i=1
∑
j
bi,jwi ⊗ t
m+j
for m ∈ Z, n ∈ N, bi,j ∈ C, wi ∈ V
′. For any k ∈ Z, by φ(Lk(v ⊗ 1)) =
∑n
i=1
∑
j bi,jLk(wi ⊗
tm+j), we have
φ
((
v ⊗ λk0(∂0 − kα0) +
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
v ⊗ λk0
)
⊗ 1⊗ · · · ⊗ 1
)
+
φ
(
v ⊗ 1⊗
m∑
i=1
(
1⊗ · · · ⊗ λki (∂i − kαi)⊗ · · · ⊗ 1
))
=
n∑
i=1
∑
j
bi,j
((
a+ k + j +
r′∑
e=0
ke+1
(e+ 1)!
Le
)
v ⊗ tk+k+j +
∑
l
clv ⊗ t
k+j+l
)
. (5.3)
Using Proposition 2.2 in (5.3), we get φ
(
L¯rv⊗1
)
= 0 or φ
(
v⊗1
)
= 0. This is a contradiction
with L¯rv ⊗ 1 6= 0 and v ⊗ 1 6= 0.
Now we prove M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) ≇
⊗n
j=1Ω(µi, βi) ⊗M . By the similar
discussion as before, we suppose that
φ :M
(
V,Ω(λ0, α0)
)
⊗
m⊗
i=1
Ω(λi, αi)→
n⊗
j=1
Ω(µj , βj)⊗M
is an isomorphism of  L-modules. Take any 0 6= v ∈ V and assume that
φ(v ⊗ 1) =
∑
p∈I
vp ⊗ ∂1
p1 · · ·∂n
pn, (5.4)
where m ∈ N, vp ∈ M , I is a finite subset of Z
m
+ . For any k ∈ Z, by φ(Lk(v ⊗ 1)) =∑
p∈I
Lk(vp ⊗ ∂1
p1 · · ·∂n
pn), it is easy to get
φ
((
v ⊗ λk0(∂0 − kα0) +
r∑
i=0
( ki+1
(i+ 1)!
L¯i
)
v ⊗ λk0
)
⊗ 1⊗ · · · ⊗ 1
)
+
φ
(
v ⊗ 1⊗
m∑
i=1
(
1⊗ · · · ⊗ λki (∂i − kαi)⊗ · · · ⊗ 1
))
=
∑
p∈I
vp ⊗
n∑
j=1
(
∂1
p1 · · ·µkj (∂j − kβi)(∂ − k)
pj · · ·∂n
pn
)
. (5.5)
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Using Proposition 2.2 in (5.5), we get n = m+ 1 and there exists j′ such that λ0 = µj′ and
pj′ = r + 1, pj = 0 for j = 1, . . . , j
′ − 1, j′ + 1, . . . , n. Then (5.4) can be rewritten as
φ(v ⊗ 1) =
∑
p∈I
vp ⊗ 1⊗ · · · ⊗ ∂
r+1
j′ ⊗ · · · ⊗ 1.
For any k, l ∈ Z, it follows from φ(LkLl−k(v ⊗ 1)) = LkLl−k(
∑
p∈I
vp ⊗ 1 ⊗ · · · ⊗ ∂
r+1
j′ · · · ⊗ 1)
and comparing the highest degree of k that we get φ
(
L¯rv⊗ 1
)
= 0, which is a contradiction.
Then by the similar method of Proposition 5.2 in [2], we obtain that M
(
V,Ω(λ0, α0)
)
⊗⊗m
i=1Ω(λi, αi) is not isomorphic to any of the irreducible  L-modules:
n⊗
j=1
Φ
(
µj, βj , hj(t)
)
⊗M,
n⊗
i=1
Φ
(
µi, βi, hi(t)
)
⊗
q⊗
j=1
Ω(νj , γj)⊗M.
Similarly, we conclude that M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) ≇ Ab. Since the action of
Lm for each m ∈ Z on M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) is not locally nilpotent, one has
M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) ≇M . This completes the proof.
Now we can conclude this section with the following corollary.
Corollary 5.4. Let m ∈ N, r ∈ Z+, α0 ∈ C, λ0, λi, αi ∈ C
∗ for i = 1, 2, . . . , m with λ0, . . . , λm
pairwise distinct and V be an irreducible  ¯Lr-module. Suppose that V is infinite-dimensional.
Then M
(
V,Ω(λ0, α0)
)
⊗
⊗m
i=1Ω(λi, αi) is not isomorphic to any irreducible  L-module in
[2, 6, 9, 12, 14, 19, 24].
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